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Abstract 



Bedrossian characterized ah pairs of forbidden subgraphs for a 2-connected graph 
to be Hamihonian. Instead of forbidding some induced subgraphs, we relax the condi- 
tions by restricting Ore- and Fan-type degree conditions on these induced subgraphs. 
^^ ' Let G be a graph on n vertices and H be an induced subgraph of G. H is called 

\^ \ o-heavy if there are two nonadjaccnt vertices in H with degree sum at least n, and 

rl^ \ is called /-heavy if for every two vertices u,v £ V{H), dH{u,v) = 2 implies that 

uia.x{d{u) , d{v)} > n/2. Wc say that G is H-o-hca.vy {H-f-hca,vy) if every induced 
subgraph of G isomorphic to H is o-hcavy (/-heavy). In this paper we characterize 
ly-, ■ all connected graphs R and S other than P3 such that every 2-connected R- and 5*-/- 

^ ' heavy (i?- o-heavy and iS'-/-heavy, i?-/-heavy and 5- free) graph is Hamiltonian. Our 

results extend several previous theorems on forbidden subgraph conditions and heavy 
rfs _ subgraph conditions for Hamiltonicity of 2-connccted graphs. 
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.i^.' 1 Introduction 



We use Bondy and Murty [1] for terminology and notation not defined here and consider 
finite simple graphs only. 

Let G be a graph. For a vertex v and a subgraph H of G, we use N}{{v) to denote 
the set, and dniv) the number, of neighbors of v in H, respectively. We call d}{{v) the 
degree of v in H. For x,y £ V{G), an {x,y)-path is a path connecting x and y; the vertex 
X will be called the origin and y the terminus of the path, li x,y € V{H), the distance 
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between x and y in H, denoted dH{x,y), is the length of a shortest (x,y)-path in H. If 
there is no danger of ambiguity, Ng{v), dciv) and dcix^y) are abbreviated to N{v), d{v) 
and d{x,y), respectively. 

If a subgraph G' of a graph G contains all edges xy G E{G) with x,y (^ V{G'), then 
G' is called an induced subgraph of G. For a given graph H, we say that G is H-free if G 
does not contain an induced subgraph isomorphic to H. For a family 7^ of graphs, G is 
called H-free if G is H-hee for every H ^T-L. 

The bipartite graph Ki^3 is called the c/aw, its (only) vertex of degree 3 is called its 
center and the other vertices are its end vertices. In this paper, instead of i('i^3-free, we 
use the terminology claw-free. 

Many graph theorists drew their attention to find forbidden subgraph conditions for a 
graph to be Hamiltonian. Bedrossian [1] gave a complete characterization of all pairs of 
forbidden subgraphs that imply a 2-connected graph is Hamiltonian. 

Theorem 1 (Bedrossian [1]). Let R and S he connected graphs other than P^, and let G 
he a 2-connected graph. Then G heing {R, S}-free implies G is Hamiltonian if and only if 
(up to symmetry) R = Ki^^ and S = P^, P5, i-*6i Cs, Zi, Z2, B, N or W (see Fig. 1). 
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On the other hand, degree conditions have long been useful tools in the study of 
Hamilton cycles. Among all. Ore's condition [14j is fundamental. 

Theorem 2 (Ore J14j). Let G he a graph on n > 3 vertices. If the degree sum of every 
pair of nonadjacent vertices in G is at least n, then G is Hamiltonian. 



Let G be a graph on n vertices. For a given graph H, we say that G is H-o-heavy if 
for every induced subgraph G' of G isomorphic to H, there exist two nonadjacent vertices 



x,y (z V{G') such that d{x) + d{y) > n. For a family H. of graphs, G is called Ti-o-heavy if 
G is //-o-heavy for every H £ Ti. Clearly, if H' is an induced subgraph of H, then every 
-ff'-o-heavy graph is always H-o-heavy, and an H-fiee graph is also if-o-heavy. In this 
paper, we use the terminology claw-o-heavy instead of i^i^3-o-heavy. 

By relaxing forbidden subgraph conditions to conditions in which the subgraphs are 
allowed, but where Ore's condition is imposed on these subgraphs if they appear, Li et al. 
1101 extended Theorem [1] as follows. 



Theorem 3 (Li, Ryjacek, Wang and Zhang [TO]). Let R and S be connected graphs other 
than P3 and let G be a 2-connected graph. Then G being {R, S}-o-heavy implies G is 
Hamiltonian if and only if (up to symmetry) R = Ki'j, and S = P4, P5, C3, Zi, Z2,B, N or 
W. 

One may notice that there is only one graph Pq that appears in Bedrossian's result 
but miss here. Li et al. |10j also constructed a 2-connected claw- free Pg-o-heavy graph 
which is not Hamiltonian. With a little effort, they got 

Theorem 4 (Li, Ryjacek, Wang and Zhang jlOl). Let S be a connected graph other than 
P3 and let G be a 2-connected claw-o-heavy graph. Then G being S-free implies G is 
Hamiltonian if and only if S = P4^,P5,Pq,G3,Zi,Z2,B,N or W . 

There is another degree condition due to Fan [8] (so called Fan's condition) with respect 
to Hamilton cycles. 

Theorem 5 (Fan |8]). Let G be a 2-connected graph on n vertices. If uiax{d{u) , d{v)} > 
n/2 for every pair of vertices u, v with d{u, v) = 2, then G is Hamiltonian. 

Let G be a graph on n vertices. For a given graph H, we say that G is H-f-heavy 
if for every induced subgraph G' of G isomorphic to H, and two vertices u,v G V{G'), 
dG'{u,v) = 2 implies that max{d{u),d{v)} > n/2. In contrast to the case of forbidden 
subgraphs or o-heavy subgraphs, if H' is an induced subgraph of H, then an H'-f -heavy 
graph is not always H-f-heavy. For example, Z2 is always an induced subgraph of W, but 
a Z2-f -heavy graph is not necessarily W-f -heavy. For a family H of graphs, G is called H- 
f-heavy if G is H-f-heavy for every H gH. Note that an H-iiee graph is also H-f-heavy. 
Also, \i H = Ki^'i, then we use the terminology claw-/-heavy instead of Eri^3-/-heavy. 

For a given graph H E {P4, P5, Pg, C3, Zi, Z2, P, N, W}, it is interesting to compare H- 
o-heavy graphs with H-f-heavy graphs. It is not difficult to see that there exist P- o-heavy 
graphs which are not H-f-heavy, and H-f-heavy graphs which are not P- o-heavy. Figure 
2. shows a graph which is iV-/-heavy but not A^- o-heavy, VF- o-heavy and VF-/-heavy. 




Fig. 2 A graph (r > 7) which is 7V-/-heavy but not TV- o- heavy, M^-o-heavy and W-f -heavy. 

Our first aim in this paper is to find corresponding Fan-type heavy subgraph conditions 
which extend Theorem [TJ By Theorem O we know that every 2-connected i-3-/-heavy 
graph is Hamiltonian. It is easy to see that P3 is the only connected graph S such that 
every 2-connected 5-/-heavy graph is Hamiltonian. Thus we have the following problem. 

Problem 1. Which two connected graphs R and S other than P3 imply that every 2- 
connected {R, S}-f -heavy graph is Hamiltonian? 

By Theorem [H we get that (up to symmetry) R = /fi^a and 5 must be one of the 
graphs P4, P5,P6, C3, Zi, Z2, B, N or W. 

In fact, there are many previous results [21 [Sj El [12] which are related to Problem [H 
although stated in different terminology and notations. 

Theorem 6 (Chen, Wei and Zhang [6]). Let G be a 2-connected graph. If G is {A'1^3, Pq}- 
f -heavy, then G is Hamiltonian. 

Theorem 7 (Bedrossian, Chen and Schelp [2]). Let G be a 2-connected graph. If G is 
{Ki^3, Zi}-f -heavy, then G is Hamiltonian. 

Theorem 8 (Li, Wei and Gao [12]). Let G be a 2-connected graph. If G is {Ki^3,B}-f- 
heavy, then G is Hamiltonian. 

Theorem 9 (Chen, Wei and Zhang [5]). Let G be a 2-connected graph. If G is {i^i^3, A^}- 
f -heavy, then G is Hamiltonian. 

In this paper, we prove the following two results. 

Theorem 10. Let G be a 2-connected graph. If G is {^^1,3, Z2}-f -heavy, then G is Hamil- 
tonian. 

Theorem 11. Let G be a 2-connected graph. If G is {i^i,3, W}-f -heavy, then G is Hamil- 
tonian. 



On the other hand, a useful remark is shown in the foUowing. 

Remark 1. Since C3 is a cHque, it contains no pairs of vertices with distance 2. In 
this means, we say that every graph is C3-/-heavy. On the other hand, there indeed 
exist a 2-connected claw-free graph which is not Hamiltonian (a 3-connected claw-free 
non-Hamiltonian graph is shown in [13j). Thus, not every 2-connected {i^i,3, Csj-J-heavy 
graph is Hamiltonian. 

Note that every Pj-/-heavy (i = 4, 5) graph is Pq- f -heavy, every Zi-/-heavy graph is 
i?-/-heavy (A^-/-heavy) and every i3-/-heavy graph is A^-/-heavy. Together with Remark 
[T] and Theorems O El [TU] and [TH we have 

Theorem 12. Let R and S be connected graphs other than P3 and let G be a 2-connected 
graph. Then G being {R, S} -f-heavy implies G is Hamiltonian if and only if (up to sym- 
metry) R = Ki^3 and S = P4, P5,P(i, Zi, Z2, B, N or W. 

Theorem 1121 gives a complete answer to Problem [TJ 
Moreover, we can pose the following two problems naturally. 

Problem 2. Which two connected graphs R and S other than P3 imply that every 2- 
connected i?-o-heavy and S-f -heavy graph is Hamiltonian? 

Problem 3. Which two connected graphs R and S other than P3 imply that every 2- 
connected i?-free and S-f -heavy graph is Hamiltonian? 

By Theorem [H Problem [2] is equivalent to the following two problems. 

Problem 2.1. Which connected graphs S other than P3 imply that every 2-connected 
claw-o-heavy and S- f-heavy graph is Hamiltonian? 

Problem 2.2. Which connected graphs S other than P3 imply that every 2-connected 
claw-/-heavy and 5'-o-heavy graph is Hamiltonian? 

For Problem 12.11 by Theorem [1] and Remark [U we know that S must be one of the 
graphs P4, P5, ^6, ^1, ^2, 5, N or W. 

In this paper, instead of Theorems IIUI and 111^ we prove the following stronger result. 

Theorem 13. Let G be a 2-connected graph. If G is claw-o-heavy and S-f-heavy, where 
S € {Pq,Z2,W,N}, then G is Hamiltonian. 

As a corollary of Theorems [1] and [T3l we can get the following theorem, which gives a 
full answer to Problem 12. li 



Theorem 14. Let G be a 2-connected graph and S be a connected graph other than P3. 
// G is claw-o -heavy, then G being S-f -heavy implies G is Hamiltonian if and only if 
S = Pi,P5,P6,Zi,Z2,B,N orW. 

For Problem 12. 2t we firstly notice that every claw-/-heavy graph is also claw-o-heavy. 
Secondly, it is known in [10] that there exists a 2-connected claw- free and Pg-o-heavy 
graph which is not Hamiltonian. Thus the following result, which can be deduced from 
Theorem m is an answer to Problem 12.21 



Corollary 1. Let G be a 2-connected graph and S* be a connected graph other than 
P3. If G is claw-/-heavy, then G being 5-o- heavy implies G is Hamiltonian if and only if 
S = P4,P5,G3,Zi,Z2,B,NovW. 

Similar to Problem [21 by Theorem [TJ Problem [3] is equivalent to the following two 
problems. 

Problem 3.1. Which connected graphs S other than P3 imply that every 2-connected 
claw-free and S-Z-heavy graph is Hamiltonian? 

Problem 3.2. Which connected graphs S other than P3 imply that every 2-connected 
claw-/-heavy and S-free graph is Hamiltonian? 

For a given connected graph H, we notice that every if- free graph is also H-f -heavy. 
Hence by Theorems [H [12] and Remark [T] we have 

Corollary 2. Let G be a 2-connected graph and S* be a connected graph other than 
P3. If G is claw- free, then G being 5'-/-heavy implies G is Hamiltonian if and only if 
S = Pi,P5,Pe,Zi,Z2,B,NoTW. 

Corollary 3. Let G be a 2-connected graph and S* be a connected graph other than 
P3. If G is claw-/-heavy, then G being S-free implies G is Hamiltonian if and only if 
S = Pi,P5,P6,G3,Zi,Z2,B,NoTW. 

Corollaries [2] and [3] answer Problems 13.11 and 13.21 respectively. 

Obviously, Theorem [T3l extends Theorems [6l l 111 and Theorem [TJ] extends Theorem [J] 
Moreover, each of Theorems 1121 1141 and Corollaries [T][3] extends Theorem [1] 

In the next Section, we give some preliminaries. The proof of Theorem[T3]is postponed 
to Section 3. In the last section, some remarks and one open problem are given. 

2 Preliminaries 

We begin this section with some additional terminology and notation. 



Let G be a graph, H a subgraph of G and X a subset of V{G). We use G[X] to 
denote the subgraph of G induced by X, and G — H denotes the subgraph induced by 
V{G) \ V{H). If G' is a graph, then by G[X] ^ G' , we mean that G[X] is isomorphic to 
the graph G' . 

Throughout this paper, k and / will denote positive integers, and s, t denote the integers 
which may be non-positive. For s < t, [s, t] denotes the integer set {s, s + 1, . . . , t — 1, t} 
and [ws;^t] denotes the set {us,Us+i, . . . ,ut~i,ut}. If [us,ut] is a subset of the vertex set 
of a graph G, we use G[us,ut], instead of G[[tis,nt]], to denote the subgraph induced by 
[us,ut] in G. 

Let P be a path and u,v a V{P). We use P[n, -y] to denote the subpath of P from 
u to V. Let C be a cycle. We denote by C the cycle C with a given orientation, and by 
G the same subgraph with the reverse orientation. For two vertices u,v G V{C), C[u,v] 
denotes the path from u to f on C , and C [u, u] is the same path with the reverse direction. 
For a vertex x £ C , we use x"*" to denote the successor of x on C , and x~ denotes its 
predecessor. If A C V{G), then set A~^ = {x^ : x G A} and A~ = {x~ : x G A}. 

Let G be a graph on n vertices and -y be a vertex of V{G). The vertex v is called 
heavy if its degree is at least n/2; otherwise we call it a light vertex. A pair of nonadjacent 
vertices with degree sum at least n is called a heavy pair and a triangle such that every 
vertex in it is heavy is called a heavy triangle. A cycle C of G is called heavy if it contains 
all heavy vertices of G; it is called nonextendable if there is not a longer cycle in G which 
contains all the vertices of G. 

In this paper, we need some concepts firstly introduced by Li et al. in jlOj . To ensure 
the integrity of our paper, we rewrite them here. 

Let G be a graph and G = xi3;2, . . . , xj be a sequence of vertices in V{G), where t > 3 be 
an integer. We denote E{G) = {xy : xy G E{G) or d{x) + d{y) > n, x,y G V{G)}, and say 
that G is an Ore-cycle, or in short, o-cycle, if the vertices in V{G) satisfy XjXj+i G E{G), 
i € [l,t], where xi = x^+i. 

Let G be a graph and {xi,X2}, {2/1,2/2} be two pairs of vertices in V{G) with xi 7^ X2 
and yi 7^ 7/2. We say that D is an (xiX2, yiy2)-pair if D consists of two vertex-disjoint 
paths Pi and P2 such that 

(i) the origin of Pi is in {xi,X2}, and 

(ii) the terminus of Pi is in {2/1,2/2} 
for i = 1,2. 

Let G be a graph on n > 2 vertices and x, 2/ G ^(G) be two distinct vertices. Let G' 
be a graph obtained by adding a (new) vertex z to G with two edges zx and zw, where 
u; 7^ X is an arbitrary vertex of G. Let G" be a graph obtained by adding two (new) 



distinct vertices x' and y' to G and three edges xx\yy' and x'y' . We call G a 1-extension 
of G from x to z, and G" a 2-extension of G from {x,y) to {x',y'). 

Let G be a graph and x,y,z be three distinct vertices of V{G). G is called {x,y,z)- 
composed if there exists a sequence of vertices f_fc, . . . ,V(), . . . ,vi {k,l > 1) and a sequence 
of graphs Di, D2, ■ ■ ■ , D^ (r > 1) such that 

(1) x = v-k, y = Vo and z = vu 

(2) Di is a triangle such that V{Di) = {v^i^vq,vi}, 

(3) l^(-Dj) = [v_a:.,t;yj for some Xi,yi, where I < xi < k and I < yi < l, and Dj+i 
satisfies one of the following conditions for i G [l,r — 1]: 

{i) Dj+i is a 1-extension of Dj from V-x^ to i;_a;._i or from Vy^ to "yj^i+i, 
(ii) A+i is a 2-extension of A from (?;_a:;,fyj to (t;_a;^_i,7;j;.+i), 

(4) D = Dr satisfies V{D) = V{G). 

Without loss of generality, we call the sequence of vertices V-k, . . . ,vo, . . . ,vi a canonical 
ordering and the sequence of graphs Di, D2, ■ ■ ■ ,Dr a canonical sequence of D. We call 
the graph D the carrier of G. 

Let G be a graph, G a cycle of G and 2:1,2;, 2:2 three distinct vertices on G. Let P be 
the (2:1, 2;2)-path on G such that x G V{P) \ {xi, X2}. The pair of vertices (xi, X2) is said 
to be x-good on G, if for some integer i € {1, 2}, there exits a vertex x' € V{P) \ {xj} such 
that 

(i) there is an (x,X3_j)-path P' such that F(i-") = V{P) \ {xj}, 

(ii) there is an (xx3_j,x'xj)-pair D such that V{D) = V{P), 
(Hi) the degree sum of Xj and x' is at least n. 

Next, we list several known results needed in our proof. 

Lemma 1 (Li and Zhang [IHl [H])- Let G be a graph and G' be an o-cycle of G. Then 
there is a cycle G of G such that V[G') C V[G). 

Lemma 2 (Li and Zhang jllj). Let G be a 2-connected Ki^4^-o-heavy graph and G be a 
longest cycle of G. Then G is a heavy cycle of G. 

Lemma 3 (Chvatal and Erdos [7j, Bondy [3]). Let G be a graph on n vertices, C a 
nonextendable cycle in G, H a component of G — V{C), and A the set of neighbours of H 
on G . Then 

(i) A n A~ = 0, A n A+ = 0, and A~ and A^ are independent sets, 

(ii) Each pair of vertices from A~ or A^ has degree sum smaller than n. 

Lemma 4 (Li, Ryjacek, Wang and Zhang |10j). Let G be a composed graph and let D 
and V-k, ■ ■ ■ ,Vo, ■ ■ ■ ,vi be a carrier and a canonical ordering of G. Then 



(i) D has a Hamilton [vQ^v^k)-path, 

{a) for every Vg € V{G) \ {«_fc}, D has a spanning {vQVi,VsV-k)-pair. 

Lemma 5 (Li, Ryjacek, Wang and Zhang [lUj). Let G be a graph, and C be a cycle of G 
with a given orientation. Let P be an {x,y)-path of G which is internally disjoint from G, 
where x,y G V{C). If there are vertices xi, X2, yi, y2 £ ^(C') \ {x, y} such that 

(i) X2,x,xi,yi,y,y2 appear in the order along C (maybe xi = yi or X2 = 2/2J/ 

(ii) (xi,X2) is x-good on C; and 

{Hi) (2/1,2/2) is y-good on G, 
then there is a cycle in G which contains all the vertices in V{G) U V{P). 

3 Proof of Theorem 13 

Suppose that G is a non-Haniiltonian graph on n vertices. Let C be a longest cycle of G 
and c be the length of G. Then c < n and G — C 7^ 0. Since G is 2-connected, there is a 
path of length at least 2, internally-disjoint with G, that connects two vertices of G. Let 
P = wqWi . . . WrWr+1 be such a path with r is as small as possible, where wq = uq (^ ^(C) 
and Wr+i = vq G ^{C)- Assume that the length of (7[no,uo] is ri + 1 and the length 
of C[vo,tio] is r2 + 1. Obviously, ri + r2 + 2 = c. We denote the cycle G with a given 
orientation by (7 = uqUi . . . Urj^voU-r2 • • • u^iUq or by (7 = vqVi . . . frjUot'-ri • • • V-iVq, 
where ui = v^n-i+l and u^k = Vr2+i-k- 

Claim 1. Let x G [i(;i,-u;r] and y € {u-i,ui,v^i,vi}. Then xy ^ Pj{G). 

Proof. Without loss of generality, assume that y = ii_i. Suppose that xy G E{G). Then 
C" = P[uQ,x\xyG[y,UQ\ is an o-cycle containing all the vertices of G and longer than G. 
By Lemma [H there is a cycle longer than C, contradicting to the choice of G. D 

Claim 2. n^mi G E{G), i;_it;i G E{G). 

Proof. Assume that U-iUi ^ E{G). By Claim[Tl we have wiU-i ^ E{G) and wiui ^ E{G). 

Hence G[{u^i,uq,ui, wi}] = Ki^-^. Note that wiu^i ^ E{G) and wiUi ^ E{G) by Claim[TJ 

Since G is claw- o-heavy, it follows that d{u-i)+d{ui) > n. Thus, we obtain u^iui G E{G). 

Similarly, we can prove v -ivi G E[G). D 



Claim 3. uqv±i i E{G), vou±i ^ E(G). 

Proof. Assume that uqV\ G E{G) or uqv^i 

no (if uqVi G E{G)) or C" = PC[vo,U-i]u-iUiC[ui,V-i]v-iUq (if uqVi ^ E{G)). By 



Proof. Assume that ^0^1 G E{G) or uqv^i G E{G). Let C" = P G [vq, ui]uiu^iG [u^i, vi]vi 



Claim [21 C is an o-cycle containing all the vertices in C and longer than C, a contradic- 
tion by Lemma [TJ 

Similarly, we can prove vqu±i ^ E{G). D 

Let Uj^ be the first vertex on C [ui,Ur^] such that uqUj^ ^ E{G), Vj^ be the first vertex 
on C[vi,Vr2] such that vqVj^ ^ E{G). Obviously, we have uqUi G E{G) and vqVi G E{G). 
By Claim [3l we know that uqu^-^ ^ E[G) and i'o'yr2 ^ E[G). Thus, Uj^, Vj^ exist, where 
2 < ji < ri and 2 < J2 < ?'2. 

Claim 4. Let w; € [wi , t^r] , "u S [ni,njj and v G [1)1,1)^2]. Then we have 
(i) wu^E{G),wv ^E{G), 
(ii) vou^E{G),uov^E{G), 
(m) uv ^ E{G). 

Proof, (i) Assume that wu G E{G). li u = ui, then we get a contradiction by Claiin 
[TJ If u = U2, then let C" = P[uo,iL']tL'n(7[n, n_i]n_iniUo. If u G [u3,Uj^], then let 
C" = P[uo,w]wuC[u,u-i]u-iUiC[ui,u~]u~UQ. By Claim [21 C" is an o-cycle longer than 
G and contains all the vertices in G. Therefore, there is a cycle longer than G by Lemma 
[H a contradiction. 

The second assertion can be proved similarly. 

(ii) Assume that vqu G E{G). By Claim [3l we have vqUi ^ E{G). Hence we have 
u G [u2,Uj-^]. Then C" = vouC[u,V-i]v-iViC[vi,u^i]u^iUiC[ui,u~]u~uqP is an o-cycle 
longer than G and contains all the vertices in G by Claim [21 By Lemma [H there is a cycle 
longer than G, contradicting to the choice of G. 

Similarly, we can prove that uqv ^ E{G). 

(in) Assume that uv G E[G). By Claim[2l we have U-iUi G E[G) and t;_iui G E{G). 
Then G' = Pvqv~ G[v~ ,vi\viV-iG[v^i,u]uvC[u,u^i\u^iUiC[ui,u~]u~u\) (if u ^ ui 
and I) ^ -yi) or C" = Pfof~C[i)~,t;i]uiv_iC[f_i,ui]nii'(7[i', uq] (if u = ui and f 7^ ?;i) 
or C" = PG[vQ,u\uviC[vi,u-i\u-iUiC[ui,u'']u^UQ (if n 7^ ui and t; = vi) or C" = 
PG[vQ,ui]uiVi C [f 1, uo] (if ^i = ui and v = vi) is an o-cycle longer than G and contains all 
the vertices in G . By LemmalU there is a cycle containing all the vertices in V{P)\JV{G), 
a contradiction. D 

Claim 5. d(no) + d[vQ) < n. 

Proof. Let P' = uoXiX2, ■ ■ ■ ,Xr'Vo be a (uq, t'o)-path internally-disjoint with G such that 
its length is as large as possible. 

Claim 5.1. dc^c(.uo) +dG~c{vo) < 2r' . 
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Proof. We will show that all the neighbors of uq in G — C are contained in V{P'). Assume 
not. Let x\ be a neighbor of uq, which is in V{G — C) but not in V{P'). Obviously, we have 
xiui,x\ui ^ E{G)] otherwise there is a cycle longer than G by Lemmalll contradicting to 
the choice of G. If xix'^ ^ ^{G)-, then G[{'Uo,ui,a;i, x'^^}] = A'1.3. Note that G is claw-o- 
heavy. Thus, we have d{xi) + d{x'i) > n. It implies that either xi or x\ is heavy. However, 
it follows from the fact G is claw-o-heavy and Lemma[2]that G is heavy, a contradiction. If 
xix'y G E{G), then P" = uox[xiP'[xi,vo] is a (uo,i'o)-path internally-disjoint with G and 
longer than P', contradicting to the choice of P'. Therefore, it follows that dc-ciuo) < r'. 
Similarly, we can obtain dc-ci'^o) ^ '''' and the proof of this claim is complete. D 

Let Uk be the last vertex on C[ui,Ur-^^] such that uqUj^ € E[G), ui be the first vertex 
on C[uk+i^Urj\ such that vqUi G E{G). 

Claim 5.2. For every vertex uy G A^c[«i,«fe_i]('"o) U {uq}, VQUy+i i E{G). 

Proof. By Claim [3l we have vqUi ^ E[G). If n^' 7^ uq, assume that Uk'UQ € E[G) and 
uoUfc'+i € £^(G). Then C" = Pi;oUfc'+iC[nfc/+i,u_i]u_i?;iC[i;i,ti_i]u_iUiC[ui, Ufc']ufc'no 
is an o-cycle containing all the vertices in V{P) \JV{G). Thus, there is a cycle longer than 
G by Lemma [11 a contradiction. D 

Claim 5.3. |[ufc+i, ni_i]| = I — k — 1 >r'. 

Proof. Assume that |[ufc+i, ni_i]| < r'. Then G' = PvqUiC[ui,V-i]v-iViC[vi,U-i]u-iUi 
C[ui,Uk]ujtUo is an o-cycle which contains all the vertices in V{G) \ [uk^i,ui_i] U V{P') 
and |y(C)| > c. Hence there is a cycle longer than G by Lemma [TJ a contradiction. D 

The following claim is obvious. 

Claim 5.4. Nc{uq) n [ufc+ij^rj = 0- 

Let di = |iVc[«i,«fc]('"o)|- Then by ClaimEll dc[ui,ur^]{uo) = di. By Claims O and 
ESI we have dc[uuur]{'^o) = dc[uuUk](.vo) + rfcK+i,«;_i](i'o) + dc[«,,n,j(f^o) < k - di + 
ri - I + 1 < ri - di - r'. Thus dc[uuur^]{uo) + dc[ni,n,j(^o) < ?^i - ?^', and similarly, 
dcivuvr^] (^0) + dcivuvr^] (^o) < ?-2 " r"'. Hcncc dc{uo) + dc(t'o) < ri + r2 - 2r' + 2 = c - 2r'. 
Note that dc-ciuo) + t^G-c(^o) < 2r' by Claim ISTTl Therefore, d{uo) + d{vQ) < c < n. D 

Claim 6. Either u^im € -E'(G) or v^iwi G £^(G). 

Proof. Assume that U-iUi ^ E{G) and V-ii'i ^ E{G). By Claim [2l we have d(n_i) + 
d{ui) > n and (i('y_i) + ri(fi) > n. Thus, we obtain d{u^i) + d{v^i) > n or d{ui) + d{vi) > 
n, contradicting to Lemma [3l D 
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We divide the left part of the proof into four cases. 

Case 1. S = Pg. 

If uofo ^ E{G), then by ClaimlH Ri = G[{uo,Uj^^i,Uj-^,vo,Vj2-i,Vj2,wi,W2, ■ ■ ■ ,Wr}] - 
Pr+6- Since G is Pg-Z-heavy, G is Pg+r-Z-heavy. Note that G is heavy by Lemma[2j Hence 
each of {wi,Wr} is hght. It follows from the fact dji^{wi,Uj^^i) = dR^{wr^Vj^-i) = 2 that 
each of {uj^^i^Vj^-i] is heavy. Then we have Uj-^^iVj^^i € E{G), and it contradicts to 
Claim [l](ui). 

If uofo G E{G), then by Claim HI R2 = G[{iio,itji-i, Uji, woi ^j^-ii'^j^}] — -^6- By 
Claim [21 either uq or vq is light. Without loss of generality, assume that uq is light. Since 
G is Pg-Z-heavy and dpi^{uo,Uj^) = dii^{uQ,Vj^-i) = 2, we have each of {uj-^,Vj^-i} is 
heavy. It follows that Uj^Vj^-i € E{G), which contradicts to Claim|l] (iii). 

Case 2. S = Z2 

Case 2.1. uqVo e E{G). 

We claim that r = 1. If r > 2, then by the choice of P, we have tfit^o ^ E{G) 
and UJr^o ^ E{G). By Claims [1] and [3l we obtain u;itii,i(;r.f_i,uiUo,f-iUo ^ E{G). 
Hence G[{it;i,uo,'Ui,'Uo}] — -f^i,3 and G[{uQ^VQ^V-i,WrY\ — -f^i,3- Note that G is claw-o- 
heavy. It follows that d{wi) + d(fo) > ■"- and d{wr) + (i(no) > n. This means that either 
d{wi) + d{wr) > n or d{uQ) + d{vo) > n. However, we have d{wi) + d{wr) < n since G is 
heavy. By Claim [5j we can obtain d{uQ) + d(fo) < n, a contradiction. 

ByClaimd Pi = G[{uo,wi,vo,Uj-^-i,Uj^}] ^ Z2 and P2 = G[{uo,wi,vo,Vj^-i,Vj^}] = 
Z2. Note that dfi^{wi,Uj^^i) = dR^{wi^Vj^-i) = 2 and wi is light. It follows from the 
condition G is Z2-/-heavy that each of {tij-^_i,fj2-i} is heavy. Thus, Uj-^^-iVj^-i G E{G), 
contradicting to Claim S] (^n). 

Case 2.2. uqVo i E{G). 

By Claim [6l we have u-iui € E{G) or u_it;i G E{G). Without loss of generality, 
suppose that u^iui € E{G). By Claims [H [3] and the hypothesis that uo'^o ^ E{G), 
we have Pi = G[{wi,W2,U-i,uq,ui}] = Z2. Note that wi is light and d/j^(i(;i,tii) = 
dRi {wi,u-i) = 2. It follows from the fact G is Z2-f -heavy that each of {u-i, ui} is heavy. 

liv-ivi ^ E{G), then G[{i(;j.,t)_i, vq, vi}] = i^i^s by Claim[TJ Since G is claw-o-heavy, 
we have d{v-i) + d(fi) > n by Claim [TJ Hence we can obtain d{u-i) + d{ui) > n or 
d(v_i) + d{vi) > n, which contradicts to Lemma [3j 

If t)_ifi G E{G), then Pi = G[{wr._i,u;r-,t'-i,t'o, ^i}] — ^2- Note that Wr is light and 
d_Ri {wt-,V-i) = (ij:jj (wr, vi) = 2. It follows from the fact G is Z2-/-heavy that d{v-i) > n/2 
and d(t'i) > n/2. Hence d{u-i) + d{v-i) > n, contradicting to LemmaO 
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Case 3. S = W or S = N. 

When S = W and uoVq £ E{G), similarly as Case 2.1, we can prove that r = 1. 
By Claim m Ri = G[{uo, wi,i)o,Uji-i,Uji,fj2-i}] — ^- Note that (iR^(u;i,Uj^_i) = 
dRi {wi,Vj^-i) = 2 and wi is light. Since G is M^-/-heavy, it follows that each of {uj-^^-i,Vj^-i} 
is heavy. Thus, Uj-^-iVj^^i G E{G), contradicting to Claim|l](iiz). 

Now we can suppose that S = W and uqVq ^ E{G) ov S = N. 

By Claim [6l we have U-iUi G E{G) or t;_i?;i G E{G). Suppose, without loss of 
generality, that U-iUi € E{G). Note that G[u-i,ui] is (u_i,uo,ui)-composed. 

Claim 7. If G[n_fc, u/] is (u_fc, tio, u;)-composed with the canonical ordering ti_fc, ii_fc+i, . . . , 
ui-i,ui, then k < r2 — 2 and / < ri — 2. 

Proof. Suppose that A; > r2 — 1. Let Di, 1)2, • • • , ^r be a canonical sequence of G[n_fc, u;] 
corresponding to the canonical ordering u_fc, ti_fc_|_i, . . . , u/_i, u/. Consider the graph D' = 
D - — ~, , where —ro + 1 be the smallest integer such that ti_r„_Li € D - — ~, . Note that 
the index — r2 + 1 exists since > — r2 + 1 > —k. By Lemma IU there is a (no,Ui)-path 
P' satisfying V{P') = [ti-rj+i,""/]. Then C' = viVqP[vq,uq]P'[uq,ui]C [ui, v-i]v-ivi is an 
o-cycle such that V{C) U V{P) C 1/(C"), and there is a cycle longer than C by Lemma [U 
a contradiction. Similarly, we can prove that I < ri — 2. D 

Claim 8. If G[n_fc, u;] is (u_fc, uq, u/)-composed with the canonical ordering u_k,U-k+i^ ■ ■ ■ j 
Ui-i,ui, where k < r2 — 2 and / < ri — 2, and moreover the following two statements hold: 
(i) there is not a heavy pair in Glu^k-i^ui+i], 
{a) there is not a heavy triangle in G[u^k~iiUi+i], 
then one of the following is true: 

(1) G[u^k-i,ui] is (n_fc_i, no, nj)-composed with the canonical ordering u^k-i,Uk, ■ ■ ■ ,ui, 

(2) G[u^k,ui+i] is (n_fc, no, ni4-i)-composed with the canonical ordering u-k,Uk, ■ ■ ■ , n^+i, 

(3) G[n_yt_i, n;+i] is (n_fc_i, uq, n/_|_i)-composed with the canonical ordering n_fc_i, n^, . . . , 

Proof. Assume not. Then we have U-k^iUg ^ E{G) for every vertex s € [—A; + 1,^], 
UgUi^i ^ -E(G) for every vertex s € [—k,l — 1], and u^k~iui+i ^ E{G). 

Claim 8.1. For any vertex n^ € [n_fc_i, n^+i] \ {no} and w S {wi,W2}, we have n^tt; ^ 
E{G). Moreover, we have uoW2 ^ E{G) if noVo ^ E{G). 

Proof. Without loss of generality, suppose that UgW € E[G) and s > 0. If s = 1, 
then uiw ^ E{G) by Claim [1] or [3l Now assume that s G [2,^ + 1]. Since G[n_fc,n;] 
is (n_fc,no,ni)-composed, there exists an integer t € [— /c,— 1] such that G[nt,ns_i] is 
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{ut, uo,Us^i)-coniposed. Hence there is a (uq, nt)-path P' such that y(P') = [ut,Us~i]. Let 
C = P'[uo,ut]C[ut,Us]uswP[w,uo] {ifw ^ vo) orC" = P'[uo,ut]C[ut,vi]viv^iC[v^i,Us]usVQ 
P[vo,uo] (if w = vo). Clearly, C is an o-cycle such that V{C) C V{C') and \V{C')\ > 
\V{C)\. By Lemma [H a contradiction. 

Moreover if r > 2, then U0W2 ^ E{G) by the choice of P. If r = 1 and uqVq ^ E{G), 
then U0W2 = uqVq ^ E{G). D 

Let G' = G[[u^k^i,ui] U {w;i,t(;2}] and G" = G[[u^k~i,ui+i] U {wi,W2}]. 

Claim 8.2. If 5 = VF and uqVq ^ E{G), then G" and G' are {ifi,3, T^}-free; If 5 = iV, 
then G" and G' are {7^1,3, iV}-free. 

Proof. Note that C is an induced subgraph of G" . Hence we only need to prove that G" 
satisfies the required property. 

Assume that G" contains an induced claw. Without loss of generality, let H be the 
claw. If V{H) C [n_fc_i, n^+i], then since G is claw- o-heavy, there is a heavy pair in 
[u_fc_i,ii/+i], which contradicts to condition (i) of Claim[8l If wi € V{H) or W2 € V{H), 
then by Claim [8?T1 dniwi) < dG»{wi) = 2 and dH{w2) < dQii{w2) < 2. Hence uq is the 
center of H and the other two end vertices xi,3;2 of H are in [u_fc„i,u/+i]. By Claim 
18.11 wiXi,wiX2 ^ E(G). Since G is claw- o-heavy, xi,X2 is heavy pair in G[n_fc_i,7Xi+i], a 
contradiction. 

If S = VF, then assume that G" contains an induced subgraph H = W depicted in 
Figure 1. Obviously, one vertex of {ai,ci} and one vertex of {0,2, bi} and one vertex 
of {03,62} are heavy. Hence there are at least three heavy vertices in G" . By Lemma 
[2] and the choice of C, wi is not heavy. Thus there is at least one heavy vertex in 
[u-k-i, ui+i]\{uo} . By Claim 8.1, W2 is not heavy. Thus there are at least three heavy 
vertices in [u-k-i,ui-^.i]. If these three heavy vertices are adjacent to each other, then 
there is a heavy triangle in [ti_fc„i,ti;+i], a contradiction. Otherwise, there is a heavy pair 
in [ti_fc_i,ti/+i], a contradiction. 

If S" = N, then assume that G" contains an induced subgraph H = N depicted in 
Figure 1. Obviously, one vertex of {01,62} and one vertex of {02,63} and one vertex of 
{03,61} are heavy. Hence there are at least three heavy vertices in G" . Similarly as the 
analysis above, we can deduce a contradiction. 

The proof is complete. D 

Now, we define Ni = {x ^ V{G') : dG'{x,u^k~i) = i}- Therefore, we have Nq = 
{u-k-i}, and A''i = {u^k} by the fact that U-k-iUg ^ E{G), where s G [—k + 1,/]. 
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Without loss of generality, we assume uq S Nj, where j > 2. Then we have wi E ^j+i, 
W2 G iVj+i if U0W2 e E{G), and t(;2 S A'j+2 if uoW2 ^ -S(G) by Claim ISTTl 

Claim 8.3. For i € [l,j], Ni is a clique. 

Proof. Suppose that \Ni\ = 1 for some i € [2,j — 1], and we set Ni = {x}. Then x is a 
cut vertex of G[n_fc,ni], contradicting to the fact that G[u^k,ui] is 2-connected. Thus, we 
have |A^j| > 2 for every integer i £ [2,j — 1]. 

Now, we prove this claim by induction on i. If i = 1, it is trivially true. If i = 2, 
suppose that there exist x,y £ N2 such that xy ^ E{G), then G[{x, y, u-k,U-k~i}] = i^i,3, 
a contradiction. Hence the claim is true when i = 2. Now, we assume 3 < i < j, and we 
have each of iVj_3, Ni^2, -^i-i) -^i+i is nonempty, and |iVj_i| > 2. 
Case A. i < j or i = j and W2Uq ^ E{G). 

Note that NiJ^2 is nonempty in this case. Let 3; be a vertex of Ni such that y is a 
neighbor of it in A'j+i which has a neighbor z in Ni^2- For every vertex x' G iVj\{x}, we 
win show that xx' G -E'(G). Assume that xx' ^ -E'(G). Ux'y G -E(G), then G[{x,x', y, z}] = 
Ki^3, a contradiction. If x and x' have a common neighbor in Ni-i, let it be v and u; be 
a neighbor of -y in iVj_2- Then G[{x, x', z;, w}] = i^i,3, a contradiction. Thus we assume x 
and x' have no common neighbors in Ni^i. 

Let t; be a neighbor of x in A'^j-i and v' be a neighbor of x' in Ni^i. By induction 
hypothesis, we have "yu' G E{G). Let w be a neighbor of v in A'j_2 and n be a neighbor of 
w in Ni-^. If wu' ^ E{G), then G[{x,t;,u', w}] = A'l^a, a contradiction. Hence it follows 
that v'w G E{G). Now, we have G[{y,x,x' ,v,v' ,wY\ — W and G[{x, x',f ,7;', w,u}] = N, 
a contradiction to Claim [821 Therefore, for every vertex x' G Ni\ {x}, xx' G E[G). 

If there exist x',x" £ Ni\ {x} such that x' ^ x" and x'x" ^ E{G), then we have 
xx' G E{G) and xx" G E[G). Note that y is a neighbor of x in A'j+i. If x'y G E{G) 
or x"y G E{G), then similar to the case of x given above, we have x'x" G E{G), a 
contradiction. It follows that x'y ^ E{G) and x"?/ ^ E{G). Therefore, G[{x,x',x", y}] = 
-ftTi^s, a contradiction. 
Case B. i = j and W2Uq G E{G). 

We prove that for every vertex x G Nj\ {uq}, xuq G E{G). Assume that xuq ^ E{G). 
If X and Uq have a common neighbor in Nj^i, let it be f and it; be a neighbor of v in Nj^2- 
Then G[{x, uq, t', w}] = -fCi,3, a contradiction. Thus we assume x and uq have no common 
neighbors in Nj^i. 

Let v' be a neighbor of uq in A'j_i and i; be a neighbor of x in Nj^i. By induction 
hypothesis, we have vv' G E{G). Note that uof ^ E[G) and xu' ^ E{G). Let w' be 
a neighbor of v' in A'^j_2 and u' be a neighbor of tf' in -/Vj-3. If w'li ^ E{G), then 
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G[{uq,v,v' ,w'}] = -ftTi.s, a contradiction. Hence it follows that vw' € E[G). Now we have 
G[{uq,x,v^v' ^w' ,u'}] = N and G[{uq,x,v,v' ,w' ,wiy\ = W, contradicting to Claim [821 
Therefore, for every vertex x G Nj\ {no}, xuq G E{G). 

If there exist x' ,x" € Nj \ {uq} such that x' ^ x" and x'x" ^ E{G). By the analysis 
above, we have uqx' E E[G) and uqx" € E[G). Note that x',x" 7^ tt;2. By Claim [8TT| we 
have wix' ^ -E(G) and wix" ^ E{G). Hence G[{wi,uq,x' ,x"}] = Ki^-^, a contradiction. 

The proof is complete. D 

Claim 8.4. li S = W and uqVq ^ E{G), then Ng'{uo) \ {wi} is a clique; If 5 = iV, then 
-^G'(^o) \ {'Wi,W2} is a clique. 

Proof. Suppose not. If S = W and uofo ^ E{G), then let x,y G Ng'{uo) \ {wi} are 
two vertices such that xy ^ E{G). By Claim [STTl we have x,y ^ W2, wix ^ E{G) and 
wiy ^ E(G). Hence we have G[{x,y,UQ,wi\\ = Ki^^, a contradiction. If S = A^, then 
suppose x,y G Ng'{uq) \ {wi,'W2} are two vertices such that xy ^ E{G). Hence we have 
G[{x , y , uq , wi}] = Ki^s by Claim \8A[ a contradiction. D 

Claim 8.5. [u.k,ui] cULi^Vi- 

Proof. Assume there exists a vertex x G [ti_fc, u/] such that x G -^j+i- Let y be a neighbor 
of X in A'j-, z be a neighbor of uq in A'j-i and t; be a neighbor of z in Nj^2- Note that 
x,z ^ {wi,W2}. Then we have xuq ^ E{G), since otherwise xz G E{G) by Claim [8^ and 
it implies that x ^ -^j+i) a contradiction. By Claim [STTl we have yi^i ^ E{G). Note that 
yuo G -£^(6*) by Claim [STBl If yz ^ E{G), then G[{y, 2,^0,1(^1}] = Ari,3, a contradiction. 
Now we assume yz G E{G). If S" = H^ and uqVq ^ E{G), we have noW2 ^ E{G) by Claim 
18.11 Hence G[{x,y,z,uo,wi,W2}] = M^, and it contradicts to Claim [8l2l If S = A^, then 
G[{x,y,z,uo,wi,v}] = N, which also contradicts to Claim E21 

The proof is complete. D 

It follows from Claim [831 that ui G Nj or ui G Ni where i G [2,j — 1]. 

If ti/ G Nj , then let x be a neighbor of uq in A'j-.i and y be a neighbor of x in Nj^2- Since 
ui,uo G Nj, we have n^uo G £^(G) by Claim [8^ By Claim ISTTl we have uiwi ^ E{G) and 
xwi ^ E{G). U uix ^ E{G), then G[{u;i,uo,ti/,x}] = /^i,3, a contradiction. Otherwise, 
we have u/x G E{G). If S = W and uo'Wo ^ E{G), we have tio'u^2 ^ E(G) by Claim [5TT1 By 
Claim [8Tl G[{x,y,uo, n^, wi,t(;2}] = M^. If 5 = A^, then by the fact that n^uz+i ^ -E'(G), 
where s G [—A;,/ — 1] and Claim [8T| we have G[{x,y,uo,ui,ui^i,'Wi}] = N. In each case, 
it contradicts to Claim [ 
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Now assume that u; € iVj, where i € [2, j — 1] and j > 3. If u; has a neighbor in Ni^i, 
without loss of generahty, let a; be a required vertex and y be a neighbor of ui in A^i_i. 
Note that i + 1 < j, and it implies that x ^ wi,W2- By the fact that UgUi^i ^ E{G), 
where s G [—k, / — 1], we have G[{ui,ui^i, x, y}] = A'1^3, a contradiction. Then we assume 
ui has no neighbors in A^i+i. 

Since |A^j| > 2, we can choose a; € A^j be a vertex other than ui such that y is a 
neighbor of x in Ni^i which has a neighbor z in Ni^2- Let u be a neighbor of x in Ni^i 
and V be a neighbor of u in A^j_2- Note that uix S E(G) by Claim E31 If ^i^ ^ E{G), 
then G[{x,y, «;,«}] = -fi'i^s, a contradiction. Thus we have uiu € E{G). Hence we have 
G[{x, y , z, u; , n, f}] = 11^ and G[{a;, y , u; , n^+i ,14,1^}] — -/V, contradicting to Claim 18.21 

The proof is complete. D 

Now we choose k and I such that 

(1) G[u-k^ui\ is (n_fc,Mo, u/)-composed with the canonical ordering u_fc,u_fe+i, . . . ,ui; 

(2) there is not a heavy pair in G[u_fc,ni]; 

(3) there is not a heavy triangle in G[n_fc,n;]; and 

(4) k + 1 is as large as possible. 

By Claim [HI we know one of the following cases occurs: 
(a) there exists a vertex Us> € [u^k+i-,ui] such that u^k-i^s' ^ ^(G) and d{u^k~i) + 
d{us') > n. 

(6) there exists a vertex tt^ E [u-k+i,ui] such that U-k-iUg € -E'(G) and each of {lis, ii_fc_i} 
is heavy. 

(c) there exists a vertex wj/ € [ti_fc, u/_i] such that ui^iUf ^ -E'(G) and d{ui^i)+d{ut') > n. 

(d) there exists a vertex ut G [n_fc,ti/„i] such that ui^iUt G -E'(G) and each of {ui+i,Ut} 
is heavy. 

(e) n.fc-iiiz+i ^ -E(G) and d{u_k-i) + d('U/+i) > n. 

(/) u_A,'-i^i«+i G £'(G) and each of {n_fc_i,u/+i} is heavy. 

Hence there exists a vertex Uj € [u-k+i,ui] such that d{u-k-i) + d(?^j) > n, or there 
exists a vertex Uj € [ti_fc,u/_i] such that (i(ni+i) + d{uj) > n, or d{u_k-i) + ^(^i+i) ^ ^■ 

Claim 9. {u_k-i,ui) or ('u_fc,u/+i) or {u_k-i,ui+i) is uo-good on C. 

Proof. If there exists a vertex Ui £ [u-k+i,ui] such that d{u^k-i) + d(^i) > n, then 
since G[ti_fc,n;] is (ti_fc,uo,Ui)-composed with the canonical ordering u_fc, n_fc_|_i, . . . ,n;, 
there exists a (no,Ui)-path P such that ^(i^) = [u-k-i^ui] \ {u-k-i}- Moreover, there 
is a (uqui, UiU-k)-paiv D such that V{D) = [u^k,ui], then D' = D + u^ku~k~i is a 
(tio'U/,'Ujn_fc_i)-pair D' such that V^(i3)') = [u_fc_i,nj]. Therefore (ti_fc_i,ti/) is UQ-good 
onC7. 
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If there exists a vertex Uj € [u^kiUi-i] such that d(u;+i) + d{uj) > n, then we can 
prove this claim similarly. 

Now suppose d{u-k-i) + d{ui^i) > n. By LemmaHl there exists a (uq, 'U/)-path P' such 
that V{P') = [u_k,ui] and a (uo,ii-A:)"P^th P" such that V{P") = [n_/c,ni]. Then P = 
P'uiui+i is a (uq, ni+i)-path such that V{P) = [u^k,ui+i], and D = P"u^kU-k-i^ui+i is 
a (noni+i,ni+iu_A:-i)-pair such that V'(D) = [n_fc-i, ^^i+i]- Thus (n_fc_i,u/+i) is UQ-good 
onC7. 

The proof is complete. D 

Claim 10. There exists a vertex v^k' £ y{C[vi,u^k-i]) and Vf € F(C[i;_i,Ui+i]) with 
{v_k',vi') is fo-good. 

Proof. If t;_it;i ^ E{G), then (i(7;_i) + (i(^^l) > n by Claim [2l Moreover, P = uo^-i is a 
(uoU-i)-path and D = uqUi U {w_i} is a (uqW-i, u_it;i)-pair. Hence (f_i,fi) is uo-good. 

If v^ivi G E{G), then G[t;_i,fi] is ('i;_i,fo,fi)-composed. 

Now, set r^ = ri — / and rg = r2 — fc, where k < r2 — 2 and Z < ri — 2 by Claim [71 
Similar to Claims [7] and [8l we have Claims no.ll and 110.21 as follows. 

Claim 10.1. If G[w_fc', v;/] is {v^i^',vo, t'i/)-composed with the canonical ordering v^k'^v^k'+i^ 
. . . ,vi', then k' < r[ — 1 and I' < r2 — 1. 

Claim 10.2. liG[v^k',vi'] is {v-k',vo, w;/)-composed with the canonical ordering v-k',V-k'+i, 
. . . ,vi', where k' < r[ — l and Z' < Tg — 1, and moreover the following two statements hold: 
(i) there is not a heavy pair in G[v„i^i^i,vi'^i], 
(ii) there is not a heavy triangle in G[u_fc/_i,f;/_|_i], 
then one of the following is true: 

(1) G[v_fc'„i, t";'] is {v^k' -It vq, vii)-couiposed with the canonical ordering v^y^i,v^k', • • • > ^i'; 

(2) G[v^k'iVi'+i] is (f_fc', t;o, f;'+i)-composed with the canonical ordering v_i^i,v_i^i^i, . . . , f^+i, 

(3) G[v^k'~i,vi'+i] is (u_A;'-ij^'0)^'«'+i)-composed with the canonical ordering i;_fc/_i,f_fc', ■ ■ ■ ,vi'+i. 

Now we choose k' and /' such that 

(1) G[v^i:i,vii] is {v^k'j vq, u;')-composed with the canonical ordering w_fc', w_fc'+i, . . . ,vii] 

(2) there is not a heavy pair in G[u_fc/,f;/]; 

(3) there is not a heavy triangle in G[v^k',vii]; and 

(4) k' + /' is as large as possible. 

Similar to Claim[9l {v^k'-ij^i') or (u_fc',u;'-|_i) or {v_i^i_i,vi'^i) is i;o-good on G. D 

By Claims [9l and I lot there exists a cycle which contains all the vertices in V{G)UV{P) 
by Lemma [5l a contradiction. 

The proof is complete. D 
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4 Concluding Remarks 

It is known that Faudree and Gould [9] extended Bedrossian's result to 2-connected graphs 
on n > 10 vertices. 

Theorem 15 (Faudree and Gould [9]). Let R and S be connected graphs other than P3 
and let G be a 2-connected graph on n > 10 vertices. Then G being {R, S}-free implies G is 
Hamiltonian if and only if (up to symmetry) R = -R'l ,3 and S = P4, P^, Pq,G3, Zi, Z2, Z3, B , 
N orW. 

Chen et al. [6] showed every 2-connected {Ki^3, Z3}-/-heavy graph on n > 10 vertices 
is Hamiltonian. 

Theorem 16 (Chen, Wei and Zhang [6]). Let G be a 2-connected graph on n > 10 vertices. 
If G is {Ki^3, Z3}-f-heavy, then G is Hamiltonian. 

Together with Theorems \T2\ [T6l and Remark [H we have the following result which 
extends Theorem 1151 

Theorem 17. Let R and S be connected graphs other than P3 and let G be a 2-connected 
graph on n > 10 vertices. Then G being {R,S}-f-heavy implies G is Hamiltonian if and 
only if (up to symmetry) R = i^i,3 and S = P4,, P^,Pq, Z\^ Z2, Z^jB, N or W . 

Li et al. [TU] also constructed a class of 2-connected graphs on n > 10 vertices which 
are {^1^3, Z3}-o-heavy but not Hamiltonian. Thus it is natural to pose the following 
problem. 

Problem 4. Is every 2-connected claw-o-heavy and Z3-/-heavy graph on n > 10 vertices 
Hamiltonian? 
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